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A general method to study classical scattering in n-dimension is developed. Through classical trajectory
calculations, the three-body recombination is computed as a function of the collision energy for helium
atoms, as an example. Quantum calculations are also performed for the JΠ = 0+ symmetry of the three-
body recombination rate in order to compare with the classical results, yielding good agreement for E >∼ 1 K.
The classical threshold law is derived and numerically confirmed for the Newtonian three-body recombination
rate. Finally, a relationship is found between the quantum and classical three-body hard hypersphere elastic
cross sections which is analogous to the well-known shadow scattering in two-body collisions.
I. INTRODUCTION
True three-body collision processes (A+B+C) are vi-
tally important in a number of physical and chemical
contexts,1,2, yet theoretical studies have been far less ex-
tensive than the vast literature that exists for two-body
entrance channels (AB+C). Classical trajectory methods
are based on the assumption that the motion of each of
the nuclei in a chemical systems is governed to a good
approximation by the laws of classical mechanics on the
quantal potential energy surface given by the adiabatic
electronic energy of the system. These methods have
been successfully applied to calculations of scattering ob-
servables (e.g. the differential cross section, the reac-
tion probability and the integral or total cross section)
in many different chemical systems, often showing good
agreement with experimental results and with quantum
calculations.3–5 Perhaps surprisingly, the classical tra-
jectory methods can in some cases describe demanding
properties of the chemical systems, such as the kinetic
isotope effect observed in muonic isotopologues of the H
+ H2 reaction.
6,7
In general, the agreement between classical trajectory
methods and quantum mechanical calculations deterio-
rates at lower collision energies, where a low number of
partial waves contribute. One might imagine that this
issue would prevent us from studying cold and ultracold
collisions by means of classical trajectory methods. How-
ever, in these situations it is informative to capitalize on
the intuitive framework provided by the classical trajec-
tory methods to analyze the role of the quantum effects
and compare with Newtonian predictions.
Recently, Li and Heller8 have applied classical trajec-
tory calculations to simulate buffer-gas cooling experi-
ments with helium atoms and large rigid asymmetric-top
molecules at a temperature as cold as 6.5 K. That treat-
ment enabled the authors to calculate the lifetimes of
a)Electronic mail: jperezri@purdue.edu
long-lived orbiting resonances associated with the motion
of an atom around a large molecule.8 They also predict
that the production of cold molecules could be made more
efficient by increasing the density of the buffer-gas.8 This
exemplifies the potential utility of classical trajectory cal-
culations for understanding the collision dynamics, even
for cold systems.
At the same time, different mechanisms have been pos-
tulated at different times for three-body recombination.
One of these is direct three-body recombination, which is
closest to the class of processes considered in the present
work. A second class of mechanisms involves indirect or
“two-step pathways, in which two of the particles ini-
tially collide and form a transient resonant state of vi-
bration and/or rotation, followed by a subsequent de-
excitation of the resonant state into a bound dimer in
a second collision between the dimer and a third atom.
This second class has been considered extensively in the
literature and there are a number of different versions of
it depending on which degree of freedom is initially ex-
cited in the first resonant collision. It is variously termed
the “Lindemann-Hinshelwood mechanism, or when for-
mulated more specifically for three-atom collisions, one
frequently sees reference to this as the “RBC mechanism
after the authors Roberts, Bernstein, and Curtiss.9,10
While a “direct” three-body recombination collision
would seem to be fundamentally different from these two-
step mechanisms, one study has claimed that all of the
alternative three-body mechanisms are equivalent and
should produce identical three-body recombination rate
coefficients.11 The present study of helium three-body re-
combination can indirectly test this assertion, because
the 4He dimer has only one bound state and no dis-
cernible resonances on the electronic ground state poten-
tial. Thus the Lindemann-Hinshelwood or RBC mecha-
nism predicts a vanishing three-body recombination rate,
whereas both the quantal and classical calculations pre-
sented below produce direct recombination rates at low
energy that exceed 10−30cm6/s. It remains unclear how
this might be reconciled with the conclusions of11. The
2long, scholarly study by Pack, Walker, and Kendrick12
also raised doubt as to the practical applicability of this
claimed equivalence of indirect versus direct mechanisms.
The continuing development of both classical13 and
nonperturbative quantum mechanical descriptions14 of
this fundamental process is also interesting in view of
recent approximate theory that computes quantum me-
chanical ternary rates in various approximations. One
such application15,16 has recently been applied to the cru-
cial astrophysical problem of hydrogen atom three-body
recombination. The hydrogen results presented appear to
represent the current state of the art for three-body re-
combination in this system, but the main approximation
utilized in that study (an energy sudden approximation)
should be assessed critically. To explore other theoret-
ical studies of recombination or its time-reverse process
(collision-induced dissociation, CID) and the validity of
various approximation methods, see also Refs.12,14,17–24
The present paper implements a general method to
study classical collisions in n-dimensions. This method
utilizes classical trajectory calculations to calculate the
three-body recombination rate (TBRR) for helium atoms
in a framework related to the pioneering formulation
of F. T. Smith.25 The collision treated range from ul-
tracold energies 10−4 K to the thermal range 103 K.
The classical calculations are compared with quantum
results that we have computed for the TBRR in the
JΠ=0+ symmetry only. The quantum calculations are
based on the combination of the adiabatic hyperspheri-
cal representation26,27 and the R-matrix method to ob-
tain the scattering properties.28 The Hamiltonian is rep-
resented in a discrete variable representation (DVR),29
with some modifications for a better description of
the nonadiabatic couplings at short-range distances.30
Among the key results obtained are the classical thresh-
old law for TBRR as a function of the collision en-
ergy and a relationship between the classical and quan-
tum predictions for high collision energies. In particu-
lar, we find a result that can be interpreted as an n-
dimensional generalization of the shadow scattering in
two-body collisions.31,32
II. GENERALIZED CLASSICAL SCATTERING
This section presents our method for studying classi-
cal collisions in an arbitrary number of dimensions n ≥ 3.
This method emerges from a simple generalization to n-
dimensions of the concepts necessary to formulate the
scattering problem in classical mechanics, i.e. the impact
parameter and the cross section. As an illustration of
the method, the cross section for the hard-sphere model
in n-dimensions is derived. This calculation generalizes
the two-body hard-sphere collision formulas, an essential
model that is useful for characterizing high energy colli-
sions.
A. The method
In classical scattering, the collision between two par-
ticles can be seen in two equivalent ways: either a par-
ticle impinges upon a scattering center or two particles
approach to each other with some interaction. After re-
moving the ignorable center-of-mass (CM) motion and
formulating the collision in the relative motion coordi-
nate, the second situation is identical to the first one.
This generalizes the notion of single particle scattering
to n-dimensions. (For N particles colliding in ordinary
three-dimensional space in the absence of an external
field, note that the total dimensionality of the collision is
equal to n = 3N − 3.)
In a three-dimensional (3D) collision, a particle with
a defined momentum moves towards a scattering center.
The cross section for a collisional process is defined as
the area drawn in a plane perpendicular to the initial
momentum, which the relative motion of the particles
needs to cross if a collision is to take place.32 The impact
parameter vector, ~b, basically determines the scattering,
and it is defined as the component of the vector position
that lies in the plane perpendicular to the momentum
before the collision.32 Both the impact parameter vector
and the scattering cross section are readly extended to
the n-dimensional scattering. However, instead of deal-
ing with a plane we must work with an n−1-dimensional
hyperplane, perpendicular to the direction of the initial
momentum.
Thus an integral over the impact parameter will be
equivalent to the hyperarea of the hyperplane (in 3D
we use the concept of area) perpendicular to the ini-
tial momentum. If one attaches the opacity function
℘process(~b, ~P ) that counts the number of trajectories that
contribute to the specific collision process of interest
(e.g. chemical reaction, elastic scattering, etc.), then
the integral will give the hyperarea over such hyperplane
weighted by those trajectories involved in the process, i.e.
the cross section. It can be expressed as
σprocess(~P ) =
∫
℘process(~b, ~P )dΩ
n−1
b b
n−2db, (1)
where dΩn−1b is the differential solid angle element of the
hyperangles of ~b and n−1 indicates the dimensionality of
the hyperspace where ~b is defined. The opacity function,
℘process(~b, ~P ) is the probability that a trajectory with
particular initial conditions leads to the process under
study. Classical trajectory calculations are performed in
order to determine the opacity function, which is the key
function required in order to obtain the cross section.
Eq. (1) yields the cross section for a particular orienta-
tion of the momentum, but the main quantity of interest
in our present exploration is the cross section for a par-
ticular magnitude of the momentum, P . It is done by
averaging Eq. (1) over the hyperangles associated with
the momentum, i.e.,
3σprocess(P ) =
∫
℘process(~b, ~P )dΩ
n
P dΩ
n−1
b b
n−2db∫
dΩnP
, (2)
where ΩnP represents the hyperangles of the canonical
mass-weighted momentum vector ~P in the n-dimensional
space.
B. Hard-hypersphere collision in n-dimensions
This method is readily applied to a hard-sphere model
collision in n-dimensions. We introduce the hard-
hypersphere opacity function as
℘hs(~b, ~P ) =
{
1 b ≤ R0.
0 b > R0.
(3)
This expression of the opacity function is independent
of the orientation of ~b and ~P (owing to the spherical
symmetry of the model) and it only leads to a collision
event when the magnitude of the impact parameter b is
less than a certain threshold distance R0, the interaction
radius of the hard-hypersphere.
Inserting Eq.(3) into Eq. (2), the cross section is ex-
pressed as
σhs(P ) =
∫ R0
0
dΩn−1b b
n−2db = Ωn−1
Rn−10
n− 1 , (4)
where Ωn−1 is the solid angle subtended by a n − 1-
dimensional sphere (in the geometrical sense). Taking
into account the general expression for the solid angle
for a d-sphere Ωd =
2pid/2
Γ(d/2) ,
33 where Γ is the Gamma
function and d represents the dimension of the sphere,
we finally obtain
σhs(P ) =
2π(n−1)/2
Γ(n−12 )
Rn−10
n− 1 . (5)
Eq. (5) generalizes of the well-known expression of the
cross section of the hard-sphere model in 3D, namely
σ = πR20, to n-dimension. To understand this relation-
ship more deeply, one can visualize the circle as the in-
tersection between a 3D sphere and a plane, and on the
other hand the n− 1-dimensional sphere is the intersec-
tion of an n-dimensional sphere and an n−1-dimensional
hyperplane.
III. CLASSICAL THREE-BODY RECOMBINATION
The n-dimensional classical scattering method assisted
by classical trajectory calculations is now implemented
to calculate the TBRR for helium atoms as a function of
the collision energy from ultracold energies, 10−4 K, to
thermal energies, 1000 K. The classical trajectory calcu-
lations consist of a detailed implementation of the ideas
pioneered by Felix T. Smith,25 with Monte Carlo (MC)
sampling of trajectories used to calculate the opacity
function and the three-body recombination cross section
(TBRCS), which leads to the TBRR as is explained in
this Section. The results we obtain by applying this
n-dimensional classical scattering method to three-body
collisions include the classical ultracold threshold law for
TBRR as a function of the collision energy. Another re-
sult that emerges is the relationship between the classical
and quantum elastic three-body cross sections, resulting
in an expression similar to the shadow scattering present
in two-body collision.31,32
A. The equations of motion
Next consider the classical scattering of three particles.
Their motion of three particles in a potential energy land-
scape, V (~r1, ~r2, ~r3) is governed by the Hamiltonian
H =
~p21
2m1
+
~p22
2m2
+
~p23
2m3
+ V (~r1, ~r2, ~r3), (6)
where ~pi and ~ri represent the momentum and the vec-
tor position of the ith particle, respectively. In order to
simplify the Hamiltonian we introduce the Jacobi coor-
dinates (see Fig.1) defined by the relations
~ρ1 = ~r2 − ~r1, (7a)
~ρ2 = ~r3 − m2~r2 +m1~r1
m1 +m2
, (7b)
~ρCM =
m1~r1 +m2~r2 +m3~r3
M
, (7c)
where M = m1 +m2 +m3 is the total mass of the sys-
tem. The transformation between Cartesian coordinates
and Jacobi ones is a contact transformation.34 The three-
body Hamiltonian can be expressed in the Jacobi coor-
dinates as35
H =
~P 21
2m12
+
~P 22
2m3,12
+
~P 2CM
2M
+ V (~ρ1, ~ρ2), (8)
where 1m12 =
1
m1
+ 1m2 ;
1
m3,12
= 1m3 +
1
m1+m2
; V (~ρ1, ~ρ2) is
the potential energy expressed in terms of the Jacobi co-
ordinates, which explicitly exhibits its lack of dependence
on the center of mass (CM) coordinates, as expected,
since the CM momentum is a constant of motion. ~P1, ~P2
and ~PCM are the canonical momenta that are conjugate
to ~ρ1, ~ρ2 and ~ρCM , respectively. Finally, omission of the
trivial CM motion gives
4FIG. 1. (Color online) Jacobi vectors for the three-body
problem
H =
~P 21
2m12
+
~P 22
2m3,12
+ V (~ρ1, ~ρ2). (9)
The Hamilton equations of motion for the three parti-
cles as a function of the Jacobi coordinates are
dρi,α
dt
=
∂H
∂Pi,α
, (10a)
dPi,α
dt
= − ∂H
∂ρi,α
, (10b)
where i = 1, 2 and α = x, y, z in relation with the Carte-
sian coordinates of each Jacobi vector. The derivatives
respect to ρi,α should be evaluated by taking into account
Eqs. (7a), (7b) and (7c), combined with the chain rule.
The solution of Hamilton’s equations determines the po-
sition of each particle as a function of time in the usual
3D space. In the usual manner25 a 6D position vector is
constructed form the two Jacobi vectors ~ρ1 and ~ρ2 as
~ρ =
(
~ρ1
~ρ2
)
. (11)
Hereafter, 6D vectors are represented in hyperspherical
coordinates. The mass-scaled 6D canonical momentum
vector can be written as
~P =


√
µ
m12
~P1√
µ
m3,12
~P2

 , (12)
where µ =
√
m1m2m3
M . Now that the position vector
and the momentum in a 6D space have been defined, the
concept of impact parameter as the projection of the po-
sition vector in a hyperplane perpendicular to the initial
momentum is clear. And, the three-body Hamiltonian is
expressed as
H =
~P 2
2µ
+ V (~ρ). (13)
In the present study, the TBRCS for helium atoms has
been calculated with the three-body interaction approx-
imated as the pairwise sum of helium dimer potentials,
i.e.,
V (~r1, ~r2, ~r3) = v(r12) + v(r23) + v(r31), (14)
where rij are the interparticle distances. This is not an
essential aspect of the method, however, and it is possi-
ble for future studies to complete these calculations using
a full three-body potential energy surface. In particular
these calculations adopt the helium atom-atom interac-
tion of Aziz et al., designated HFD-B3-FCI136, which has
been tested on measurements of the transport coefficients
and the second order virial coefficient, with demonstrated
accuracy in the predictions of this interaction potential.
The equations of motion, Eqs. (10a) and (10b) are
solved by means of an adaptative stepsize Runge-Kutta
method, the Cash-Karp Runge-Kutta method.37 The
time stepsize varies from 10−7 ns in regions where the
atomic interaction varies steeply, up to 10−4 ns in re-
gions where the interaction varies smoothly. The total
energy is conserved during collisions to at least four sig-
nificant digits and the total angular momentum, J =
|~ρ1 × ~P1 + ~ρ2 × ~P2| is conserved to at least six digits.
B. Initial conditions
The equations of motion derived from the Hamilton’s
equations determine the time evolution of all the dynam-
ical variables of the system under study, those depend
on their initial conditions. Indeed, the selection of the
initial conditions is a crucial step in order to characterize
the scattering properties through the concept of impact
parameter as we have seen in Sec. II.
The scattering of three particles can of course alterna-
tively be viewed as the scattering of one particle in 6 -
dimensions. The 6-dimensional vectors are represented in
a hyperspherical coordinate system based on the Avery’s
definition of the hyperangles,33 in this representation all
the vectors can be represented by means of their magni-
tude r and five different hyperangles (αi, i = 1, 2, 3, 4, 5)
by
~r =


~rx1
~rx2
~rx3
~rx4
~rx5
~rx6

 =


r sinα1 sinα2 sinα3 sinα4 sinα5
r cosα1 sinα2 sinα3 sinα4 sinα5
r cosα2 sinα3 sinα4 sinα5
r cosα3 sinα4 sinα5
r cosα4 sinα5
r cosα5

 .
(15)
5Here the angle ranges are 0 ≤ α1 ≤ 2π, 0 ≤ αi ≤ π,
i = 2, 3, 4, 5. In particular, we choose to align the 3D z
axis parallel to ~p2, whereby the initial momentum ~P0 is
expressed as [see Eq. (12)]
~P0 =


P0 sinα
P
1 sinα
P
2 sinα
P
5
P0 cosα
P
1 sinα
P
2 sinα
P
5
P0 cosα
P
2 sinα
P
5
0
0
P0 cosα
P
5

 , (16)
where 0 ≤ αP1 ≤ 2π, 0 ≤ αP2 ≤ π and 0 ≤ αP5 ≤ π.
The impact parameter ~b is defined in a 5-dimensional
hyperplane orthogonal to ~P0. It is a 5-dimensional vec-
tor embedded in a 6-dimensional space by means of the
Avery’s hyperangle definition as
~b =


b sinαb1 sinα
b
2 sinα
b
3 sinα
b
4
b cosαb1 sinα
b
2 sinα
b
3 sinα
b
4
b cosαb2 sinα
b
3 sinα
b
4
b cosαb3 sinα
b
4
b cosαb4
0


, (17)
where 0 ≤ αb1 ≤ 2π, 0 ≤ αbi ≤ π, i = 2, 3, 4.
The magnitude of the initial vector position |~ρ0| = R
is chosen to ensure that the interaction potential is negli-
gible at that point and beyond. Then Eq. (13) yields the
magnitude of the initial momentum E = P 20 /2µ, with
E the collision energy, that is equal to the kinetic energy
initially. Our procedure randomly generates different an-
gles αPi with i = 1, 2, 5, and α
b
j with j = 1, 2, 3, 4, for a
particular magnitude of the impact parameter |~b|. Those
angles are generated by means of the probability density
function (PDF) associated with each of them, as is show
in Sec. III C. As the initial momentum ~P0 and the impact
parameter~b are orthogonal, the initial vector position can
be written as
~ρ0 = ~b−
√
R2 − b2
P0
~P0. (18)
Eq. (18) now generates ~ρ0 from R, ~b and ~P0.
Note that the definition of the hyperradius used in this
Newtonian part of the study differs from the choice of the
hyperradius in the quantum calculations. For the classi-
cal treatment, no mass-scaling of the Jacobi coordinate
vectors is carried out, whereas that scaling is uniformly
implemented in all quantum calculations, e.g. those of
this paper and in Refs.30,38–40
C. The opacity function, probability of recombination, and
three-body recombination rate
The average generalized cross section for the three-
body collision is given by (Eq. 2 with n = 6)
σrec(P0) =
∫
℘rec(~b, ~P0)b
4dbdΩbdΩP0∫
dΩP0
, (19)
This expression explicitly averages over all initial momen-
tum directions and implies an average over the relative
kinetic energies associated with the two initial Jacobi vec-
tors. It takes into account the relationship between the
initial momentum magnitude, P0, and the collision en-
ergy, E, given in Sec. III B. ℘rec(~b, ~P0) is the three-body
recombination opacity function, which is a function of
all the collisional parameters: b, Ωb, P0 and ΩP0 . Ωb and
ΩP0 represent the hyperangles associated to the vectors
~b and ~P0, respectively. dΩb and dΩP0 are the differential
element of the hyperangles of each vector. In particular,
the Avery hyperangle definition33 gives the following:
dΩb = sin
3 (αb4) sin
2 (αb3) sin (α
b
2)dα
b
4dα
b
3dα
b
2dα
b
1, (20)
and
dΩP0 = sin
4 (αP05 ) sin (α
P0
2 )dα
P0
5 dα
P0
2 dα
P0
1 , (21)
These expressions take into account the fact that we have
chosen the z axis parallel to the ~P2 direction (see Sec.
III B).
The recombination trajectories are of course those tra-
jectories that lead to the formation of bound dimers.
In classical trajectory methods, the states of the dimer
at positive energies, which would be called shape res-
onances in a quantum calculation, appear to be truly
bound dimers. Some decisions must be made as to how
to take into account the influence of such states that we
know are actually quantum mechanical shape resonances
having finite lifetimes.9,10,13 However, in the case of the
helium dimer, we have checked by using the Wentzel-
Kramers-Brillouin (WKB) approximation that the dimer
interaction does not support any bound or quasi-bound
state for l ≥ 2 (l is the orbital angular momentum), which
confirms that there is no shape resonances that must be
considered in the case of the helium three-body problem.
Accordingly, the only events counted as recombination
are those trajectories which lead to bound dimers whose
energy is negative.
The opacity function, ℘rec(~b, ~P0), also called the reac-
tion probability, represents the probability that the re-
actants transform into the products at each value of the
initial collisional parameters. Usually it is given just in
terms of the impact parameter b, but in some systems
one is interested in the studying the effect of the reactant
alignment and orientation on the product formation, i.e.
6the stereodynamics of the reaction.32 Since the present
study is not investigating the explicit orientation depen-
dence of the opacity function, the quantity we focus on
as the probability of recombination (PR) ℘rec(b, P0) as
the average opacity function
℘rec(b, P0) =
∫
℘rec(~b, ~P0)dΩbdΩP0∫
dΩbdΩP0
. (22)
The integral in Eq. (22) is evaluated by means of the
MC integration method,41,42 i.e. the initial hyperangles
(αb4, α
b
3, α
b
2, α
b
1, α
P0
5 , α
P0
1 , α
P0
2 ) are sampled by means of
their PDF given by the Eqs. (20) and (21), and then
the function ℘rec(b, P0) is averaged over the randomly
sampled hyperangles. Concretely, we run ntra(b, P0) for
a given b and P0, then count the number of those trajec-
tories that lead to recombination events, nrec(b, P0), and
finally the PR is calculated as
℘rec(b, P0) ≈ nrec(b, P0)
ntra(b, P0)
± δ(b, P0). (23)
Here δ(b, P0) is the statistical error. Since ℘rec(b, P0) is a
Boolean function, i.e. < ℘2rec(b, P0) > = < ℘rec(b, P0) >,
the statistical error is given by43
δ(b, P ) =
√
nrec(b, P0)
ntra(b, P0)
√
ntra(b, P0)− nrec(b, P0)
ntra(b, P0)
, (24)
which assumes a one standard deviation rule (68% con-
fidence level) for the evaluation of the statistical error.
This error criterion is assumed for all the classical results
reported in the present work.
The three-body recombination cross section is ex-
pressed in terms of the PR as
σrec(P0) = Ωb
∫ bmax(P0)
0
℘rec(b, P0)b
4db, (25)
where bmax(P0) represents the maximum impact param-
eter that leads to a recombination process for a fixed
P0, in other words, for b > bmax(P0) it is found that
℘rec(b, P0) = 0. Ωb =
8pi2
3 is the solid hyperangle associ-
ated with ~b. The three-body recombination cross section
is calculated by integrating Eq. (25) using MC sampling
of the magnitude of the impact parameter, b. Our sam-
pling in b uses the importance sampling method based
on the weight function e−b/r0 ,44,45 where r0 denotes the
range of the interaction (15 a0 for helium dimer interac-
tion). Then, Eq. (25) is written as
σrec(P0) =
8π2
3
∫ bmax(P0)
0
eb/r0℘rec(b, P0)e
−b/r0b4db =
= β
8π2
3
∫ bmax(P0)
0
eb/r0℘rec(b, P0)ρ(b)db (26)
where ρ(b) = e
−b/r0 b4
β and β =
∫ bmax(P0)
0 ρ(b)db. The
importance sampling function establishes a particular
weight to any recombination trajectory as a function of
b. In practice, Eq. (26) is solved by sampling b, taking
into account ρ(b), and the initial impact parameter and
momentum hyperangles (αb4, α
b
3, α
b
2, α
b
1, α
P0
5 , α
P0
2 , α
P0
1 ) by
means of their PDF given by the Eqs. (20) and (21).
After Ntra(P0) are computed and the number of recom-
bination events, Nrec(P0) are counted, they are weighted
by the (inverse of the) importance sampling function, and
finally the TBRCS is calculated as
σrec(P0) ≈ β 8π
2
3
∑Nrec(P0)
i=1 e
bi/r0
Ntra(P0)
±∆(P0), (27)
Here ∆(P0) is the statistical error, given by
∆(P0) = β
8π2
3
√√√√√
∑Nrec(P0)
i=1 e
2bi/r0
Ntra(P0)
−
(∑Nrec(P0)
i=1 e
bi/r0
Ntra(P0)
)2
Ntra(P0)
.
(28)
The TBRR as function of the collision energy is ob-
tained by means of the TBRCS as
k3(P0) = vσrec(P0) =
P0
µ
σrec(P0), (29)
where P0 is the magnitude of the momentum in hyper-
spherical coordinates, which is related to the collision
energy E as shown in Sec.III B. Observe that we do com-
pute the TBRR as a thermal average taking into account
the Maxwell-Boltzmann weights, indeed we calculate the
TBRR as a function of the collision energy. The ther-
mal averaging can be readily carried out whenever it is
desired to compare with the experiments performed in
thermal equilibrium.
D. The classical low energy threshold law for the
three-body recombination rate
In quantum mechanics the existence of threshold laws
for elastic and inelastic collisions in different types of col-
lision, are very familiar, the so-called Wigner threshold
laws. These threshold laws represent the general trend
of the cross section for different processes as functions of
the collision energy. In the classical two-body collisions
between an ion and a neutral species, the Langevin cross
section32 can be viewed as a similar low energy threshold
behavior that gives the energy dependence analytically.
Next we show that it is possible to derive the threshold
behavior of the three-neutral-body recombination rate as
a function of the collision energy. In the low energy range
where long range interactions are dominated by the van
der Waals potential V (R)→ C6/r6. We define the max-
imum impact parameter b˜max as the distance where the
interaction potential is equal to the collision energy, i.e.
7E =
C6
b˜6max
. (30)
The derivation for the classical threshold law for low
energy collisions assumes a rigid-sphere model for the
low-energy classical collisions, i.e. such that for b < b˜max
the opacity function can be taken to be 1. The three-
body recombination cross section can then be expressed
as (in virtue of Eq. (25) )
σrec(E) =
8π2
3
∫ b˜max(E)
0
b4db ∝ b˜5max(E), (31)
which has taken into account the relationship between
the initial momentum and the collision energy (see
Sec.III B). By means of Eqs. (30), (31) and (29), and by
incorporating the relationship between momentum and
energy (P ∝ E1/2), finally we obtain
k3(E) ∝ E1/2 1
E5/6
= E−1/3. (32)
E. Three-body elastic collisions at high collision energies
The quantum mechanical three-body elastic cross sec-
tion for distinguishable particles whose potential energy
is short-ranged and depends on the hyperradius is given
by
σ3B =
32π2
k5
∑
λ
Nλ|e2ıδλ − 1|2 = 32π
2
k5
4
∑
λ
Nλ sin
2 δλ.
(33)
In this expression δλ is the three-body scattering phase
shift for a given value of λ, the eigenvalue of the squared
grand angular momentum operator (see Sec. IV), k is
the wave vector defined as E = h¯2k2/2µ, and Nλ is a
numerical factor that takes into account the degeneracy
associated with the grand angular momentum
Nλ =
4 + 2λ
4
(λ+ 3)!
λ!3!
. (34)
The summation in Eq. (33) is extended over all the val-
ues of λ (partial waves). But owing to the finite range
of the potential energy, δλ → 0 for high values of λ, and
therefore the summation in practice has a finite number
of terms. Interestingly, Eq. (33) exhibits a close similar-
ity with the usual two-body classical cross section, where
the summation is over the angular momentum l.46
For a high energy collision a large number of partial
waves must be included for the computation of the cross
section. In general, at high energies the phase shift, δλ,
is a rapidly varying and effectively random function of λ,
whereby the three-body elastic cross section of Eq. (33)
is given by
σ3B ≈ 32π
2
k5
2
λmax∑
λ=0
Nλ, (35)
where λmax, it is the highest value of λ satisfying the
random phase criterion. Eq. (35) neglects contributions
to the summation for λ > λmax. If λmax >> 1 then
λmax∑
λ=0
Nλ ≈
λmax∑
λ=0
λ4
12
≈ λ
5
max
5× 12 . (36)
Finally, the three-body elastic cross section is expressed
as
σ3B ≈ 16π
2
3k5
λ5max
5
. (37)
The classical three-body elastic cross section is given
by Eq. (19), where we have to include the right opacity
function associated with the elastic collisions. For high
energy collisions we assume a hard-sphere collision model
[Eq. (3)]. Therefore, the cross section becomes
σ(P0) =
8π2
3
∫ R
0
b4db =
8π2R5
3× 5 . (38)
The initial grand angular momentum is defined as
~Λ = ~ρ0 × ~P0, (39)
where the cross product is defined in a 6D space (i.e.,
the generalized cross product is defined in terms of the
Levi-Civita tensor). Using the fact that ~P0 and ~b are
orthogonal implies that
|~Λ|2 = b2P 20 . (40)
The eigenvalues of the grand angular momentum are
h¯2λ(λ + 4),33 for high values of λ which can be approx-
imated by h¯2λ2, thus Eq. (40) determines the relation
between the partial wave scattering formulation and the
impact parameter treatment. The result is
λmax = kR. (41)
Eq. (41) establishes a relationship between the quan-
tum three-body elastic cross section, Eq. (37), and the
classical Eq. (38) as
σ3B = 2× σ(P0). (42)
8In Eq. (42) we notice that the high energy collision limit
of the quantum three-body elastic cross section is two
times the classical one. This same factor of two also
holds for two-body collisions and it is interpreted in terms
of shadow scattering.31,32 Thus, Eq. (42) implies the
existence of shadow scattering in three-body collisions,
and it counts for half of the cross section just as it does
for two-body collisions.
IV. QUANTUM THREE-BODY RECOMBINATION
The present study extends the previous calculations of
the TBRR for helium atoms by Suno et al.39 to higher
collision energies. In particular, the present quantum cal-
culations treat only the JΠ = 0+ symmetry and these can
be compared with Newtonian recombination rate con-
tributions for collisions with less than one unit of an-
gular momentum. A different method is employed for
calculating the TBRR than was by of Suno et al. The
Schro¨dinger equation is solved for three interacting he-
lium atoms using a two steps method: first, the adi-
abatic potentials are computed by means a combina-
tion of slow variable discretization (SVD) method29 at
short distances, and a traditional adiabatic hyperspher-
ical representation for long distances, in particular, a
DVR hyperradial basis is utilized whereas the b-splines
method is employed for the hyperangles. Second, we ap-
ply R-matrix theory28 for the calculation of the scattering
properties.30
The three-body scattering Hamiltonian is formu-
lated in the modified Smith-Whitten hyperspherical
coordinates:39 {R,Ω} ≡ {R, θ, φ, α, β, γ}. R is the hy-
perradius and θ and φ are the hyperangles that describe
the internal motion of the three-body system. In these
hyperspherical coordinates the interparticle distances are
expressed as39
r12 = 3
−1/4R[1 + sin θ sin (φ− π/6)]1/2, (43a)
r23 = 3
−1/4R[1 + sin θ sin (φ− 5π/6)]1/2, (43b)
r13 = 3
−1/4R[1 + sin θ sin (φ+ π/2)]1/2, (43c)
and the three-body Schro¨dinger equation is given (in a.u.)
by
[
− 12µ ∂
2
∂R2 +
Λ2+15/4
2µR2 + V (R, θ, φ)
]
ψν′(R,Ω) =
Eψν′(R,Ω). (44)
where Λ2 is the squared ”grand angular momentum
operator”.39,47,48 ψν′ = R
5/2Ψν′ is a rescaled version of
the usual Schro¨dinger solution Ψν . The index ν
′ labels
the different independent solutions that are degenerate
in energy and includes the quantum numbers that distin-
guish the degenerate states.30 The three-body interaction
is taken here to be a sum of the three pairwise two-body
helium interactions, based on the helium dimer potential
of Aziz et al.36, designated as HFD-B3-FCI1 (the same
as we use for the classical calculations). Recently, Suno
and Esry have performed quantum calculations on three-
body recombination rate for helium atoms by using a
potential energy surface including three-body electronic
interactions.49
Eq. (44) is solved in the adiabatic hyperspherical rep-
resentation for a given symmetry JΠ. The wave function
is represented in terms of the complete, orthonormal set
of angular wave functions Φν(R,Ω) and radial wave func-
tions Fνν′ as
ψν′(R,Ω) =
Nc∑
ν=1
Fνν′(R,Ω)Φν(R,Ω), (45)
where Nc indicates the number of channels in the adia-
batic basis that we chose to represent the wave function.
The channel functions Φν(R,Ω) are eigenfunctions of the
five-dimensional partial differential equation
[
Λ2+15/4
2µR2 + V (R, θ, φ)
]
Φν(R,Ω) =
Uν(R)ψν(R,Ω), (46)
whose solutions depend parametrically on R. Insertion of
the wave function expression in terms of the adiabatic
basis, Eq. (45), into the Schro¨dinger equation, Eq. (44),
yields a set of coupled ordinary differential equations in
R
[
− 1
2µ
d2
dR2
+ Uν(R)− E
]
Fνν′(R)
− 1
2µ
Nc∑
γ=1
[
2Pνγ(R)
d
dR
+Qνγ(R)
]
Fγν′(R) = 0. (47)
The matrices Pνγ(R) and Qνγ(R) denote the nonadia-
batic couplings between the different adiabatic channels
associated with the same symmetry. These matrices are
defined as
Pνγ(R) =
∫
dΩΦν(R,Ω)
∗
∂
∂R
Φγ(R,Ω), (48)
and
Qνγ(R) =
∫
dΩΦν(R,Ω)
∗
∂2
∂R2
Φγ(R,Ω). (49)
These nonadiabatic couplings are crucial in determining
the inelastic transitions and the width of the resonances
supported by the adiabatic potentials Uν(R). Thus, we
need to describe accurately such nonadiabatic couplings.
In general, at short-range distances is where one would
expect sharp nonadiabatic avoided crossings.
9The solution of Eq. (46) including effects of the nona-
diabatic couplings is accomplished by means of the SVD
method, which gives an efficient description of coupling
effects.30 Instead in the long-range region, the adiabatic
hyperspherical coupled equations are solved directly in
the ordinary adiabatic representation using the P,Q ma-
trices, with a DVR basis set.30 This method is more prac-
tical at large R where the nonadiabatic couplings are
smooth functions of R. The computation of the nona-
diabatic couplings outside of the SVD region applies the
method proposed by Wang et al..40 In practice Eq. (46)
is solved from 1 a0 to 35 a0, for a set of 117 SVD sectors,
in each of which 10 SVD points are utilized. Beyond that
region, a DVR basis set is used in a variational R-matrix
calculation with about 105 sectors from 35 a0 to 2x10
4
a0 for the calculation of the adiabatic potentials Uν(R)
and nonadiabatic couplings.
The scattering S matrix is extracted from the R-matrix
method in the long-range region.28 30 adiabatic channels
have been employed on the calculations. The solution of
the adiabatic equations takes about 36 CPU hours using
16 processors in parallel and the solution of the coupled
equations is about 3 CPU hours per energy.
As in previous references,38 the three-body cross sec-
tion for three identical bosonic particles is defined using
the convention of Mott and Massey,50 in which the scat-
tering cross section σ3 is the ratio of the scattered radial
flux multiplied by R5 divided by the incident flux in only
one of the six symmetrizing permutations of the incident
plane wave.38,51 The differential cross section is then in-
tegrated over all final hyperangles and averaged over the
initial momentum hyperangles to get an average gener-
alized recombination cross section. The total three-body
recombination rate is then
K3 =
k
µ
σK3 =
∑
J,Π
KJΠ3 , (50)
where KJΠ3 is the partial recombination rate correspond-
ing to the JΠ symmetry
KJΠ3 =
∑
i,f
192 (2J + 1)π2
µk4
|SJΠi→f |2. (51)
Here i and f label the incident (three-body continuum)
and outgoing (two-body recombination) channels, respec-
tively, and k = (2µE)1/2 are the hyperradial wave num-
bers in the incident channels. The helium dimer interac-
tion has only one two-body recombination channel. Be-
cause the present study considers only the JΠ = 0+ sym-
metry, thus the in Eq. (50) this summation reduces to a
single term.
V. RESULTS AND DISCUSSION
The TBRR is computed as a function of the collision
energy of helium atoms from ultracold energies up to
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FIG. 2. (Color online) Examples of recombination trajectories
for E = 10−4 K. Panel (a): classical trajectories for b=0 a0.
Panel (b), classical trajectories for b=100 a0. The solid line
represents r12, the dashed line represents r23 and the dot-
dashed line represents r31
thermal energies using both classical and quantum meth-
ods, and compared in the following.
The visualization of the classical trajectories helps to
understand the physical mechanism controlling the re-
combination process being investigated. Fig. 2 shows two
recombination trajectories at 10−4 K for different impact
parameters: null impact parameter (upper panel), and b
= 100 a0 (lower panel). Observe that the collisions for
different impact parameters lead to recombination trajec-
tories with different final states of rotation and vibration
of the bound dimers. Thus, the energy of the dimers asso-
ciated with those trajectories will be different. We note
that the trajectories with null impact parameter start to
be deflected at distances where one of the interatomic dis-
tance has a small value. On the contrary, the trajectories
at high impact parameter show a deflection before any in-
teratomic distance start to be small. Fig. 2 shows that
the three-body recombination events need at least two
atom-atom collisions in order to form a bound dimer. It
is instructive to introduce the three-body collision time,
τ3, as the time from when the atoms first start to experi-
ence their interaction (i.e. as reflected by a change in the
initial slope of the trajectory ) until the time when two
atoms form a bound dimer. Analysis of Fig. 2 shows that
the collision time is τ3 ∼ 10 ns at 10−4 K. At 1000 K the
three-body collision time for a characteristic trajectory
is τ3 ∼ 10−3 ns.
The probability of recombination (PR) [℘rec(b, P )] for
helium atoms as a function of the impact parameter, at
collisional energies: 10−4 K, 10−2 K, 1 K and 25 K, is
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FIG. 3. (Color online) Probability of recombination for he-
lium atoms as a function of the impact parameter, at different
collision energies: blue line, E = 10−4 K; black line, E = 10−2
K; red line, E = 1 K; cyan line, E = 25 K.
presented in Fig. 3. The PR has been calculated fol-
lowing the method described in Sec. III C. These results
use an equally spaced grid in b, and for each of those b-
values we run 103 trajectories for the calculation of the
PR [Eq. (23)] and its statistical error [Eq. (24)], i.e.
ntra(b, P0) = 10
3. From this figure the maximum impact
parameter producing a recombination for a given energy,
bmax, is extracted, and this equals: 235 a0, 120 a0, 58 a0
and 40 a0, for 10
−4 K, 10−2 K, 1 K and 25 K, respec-
tively. We note a general trend for E < 1 K: a reduction
of bmax by a factor of two while the change in energy is
two orders of magnitude. However, this trend for bmax
changes for energies between 1 K and 25 K, where it ex-
hibits a steep trend as a function of the collision energy.
This suggests that a different dynamical regime starts to
play a role for E >∼ 1 K.
The TBRR for helium atoms as a function of the col-
lision energy is presented in Fig. 4. The classical cal-
culations have been performed following the methodol-
ogy developed in Sec. III C. Batches of 105 trajectories
have been computed for each collision energy, except for
E ≥ 100 K, for those energies 106 trajectories are com-
puted in order to have a reliable statistics in the three-
body recombination events. The partial three-body rate
for total angular momentum J = 0 is also displayed. It
is calculated by counting only those recombination tra-
jectories having total angular momentum between J = 0
and J = h¯ and then applying Eqs. (27) and (28). The
quantum mechanical calculation for JΠ = 0+ has been
carried out by means of the adiabatic hyperspherical rep-
resentation outlined in Sec. IV. The quantum calculation
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FIG. 4. (Color online) The three-body recombination rate of
helium atoms (in cm6/s) computed using different methods is
shown as a function of the collision energy E (in K). Solid red
line: quantum calculation for a fixed total angular momentum
and parity JΠ=0+. This calculations show convergence to
within better than about 15% for E=1000 K. Blue points:
classical trajectory calculations. Dark green points: classical
trajectory calculations for a fixed total angular momentum
J=0. Solid black line: theoretical model of Ref.52.
has been divided by the symmetrization factor 3! in order
to compare with the classical partial three-body rate; the
3! is a factor associated with the quantal indistinguisha-
bility of the colliding particles, and it is divided out to
compare with the classical theory which of course treats
the three particles as inherently distinguishable. This
figure also shows the results of the three-body recom-
bination rate coefficient for helium atoms deduced in a
theoretical model based on the a simulation of the exper-
imental conditions.52 This model has some inputs that
correspond with experimental values, whereas it has free
parameters that are model dependent. The present cal-
culations fix the scattering length of the helium dimer
interaction, a = 172 a0
39 and φb=47 (see Ref.
52 for de-
tails of their model).
Compare first the classical partial three-body rate for
J = 0 with the quantum calculation for the same total
angular momentum. These calculations show good agree-
ment for collision energies E >∼ 1K. The van der Waals
energy EvdW =
(
2h¯6/µ3C6
)1/2
is defined as a thresh-
old energy between the ultracold physics E ¡ EvdW and
the thermal physics E > EvdW.
53 For the helium dimer
potential used in our calculations the van der Waals en-
ergy is EvdW = 1.68 K, which marks the lowest energy
where quantum and classical calculations begin to show
the same trend, even though they are not yet in quanti-
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FIG. 5. (Color online) Energy distribution of the helium
dimers formed through three-body recombination trajectories
at different collision energies: E = 1 K, blue bars; E = 10 K,
orange bars; E = 100 K, red bars.
tative agreement at that energy.
Naturally the classical calculation exhibits no sign
of the quantal interference minimum that is prominent
around 2-4 mK. This quantal minimum is a univer-
sal feature associated with Efimov physics, as has been
discussed previously.39,54,55 Esry and coworkers have
stressed that the log-periodic behavior of Efimov physics,
which originates in the attractive 1/r2 effective potential,
should be observable in energy-dependences in addition
to the more usual abscissa in ultracold experiments which
is the scattering length. The small inflection in the quan-
tal calculation around 20 K in Fig.4 is presumably the
expected second interference feature, since it is seen close
to where it is expected to appear, namely at an energy
22.72 = 515 times the energy of the first interference
minimum.56
The classical calculations for three-body recombina-
tion rate (blue circles) show fair qualitative agreement
with the three-body recombination rate coefficient (solid
black line) obtained in the model of Bruch et al..52 It is
particulary interesting that the predictions of the model
as well as the classical calculations show a change in
the trend of the curves at around the same energy colli-
sion energy. We emphasize that the classical calculations
are energy dependent, i.e. no Maxwell-Boltzmann ther-
mal averaging has been performed, whereas the model of
Bruch et al. is based on a thermally averaged recombi-
nation rate coefficient.
Next, consider the behavior of the classical TBRR as a
function of the collision energy for low energies E <∼ 1 K.
The trend of the classical calculations is well described
by the orange dashed line. This line is a fit of the clas-
sical calculations to the classical ultracold threshold law
for TBRR [Eq. (32)] derived above in the n-dimensional
scattering method of Sec. III D. As an independent test
not related to our present calculation for helium, we have
performed calculations for the TBRR as a function of
the collision energy using a Lennard-Jones interaction be-
tween the atoms, and this test again agrees with the clas-
sical low energy threshold law. This numerical demon-
stration of the classical low energy threshold law confirms
that the long-range interaction controls the low energy
limit of classical three-body recombination.
The classical three-body rate behaves differently at
E >∼ 10 K than it does at low collision energies. For colli-
sion energies higher than the the well depth, the classical
trajectories are mainly deflected by the short-range part
of the interaction, i.e. the hard inner wall of the two-
body interaction starts to play a role. The helium dimer
potential employed in our calculations has a well depth
≈11 K, which could explain the change in the trend of
the classical calculation observed at that energy in Fig.
4.
In this vein, consider the energy distribution of the
dimers formed in three-body recombination of helium
atoms. This is presented in Fig. 5 as histogram of the
dimer energies resulting from the three-body collisions.
The distribution of dimer energies is observed to vary
as one increases the collision energy. The energy dis-
tribution goes from a sharp distribution (E = 1 K) to
a flatter one (E = 100 K). It is related to the role of
the two-body interaction: for long-range dominated col-
lisions the recombination processes start to occur at long
distances between the atoms, leading mainly to the for-
mation of shallow dimers. However, as one increases the
collision energy, the recombination process will occur in
inner regions of the atom-atom interaction, leading to an
increasing of the probability to form dimers with higher
binding energy.
The distribution of total angular momentum J of the
classical recombination trajectories for different collision
energies is plotted as a histogram in Fig. 6. This fig-
ure also plots the total angular momentum associated
with the van der Waals length Rvdw = 1/2
(
2µC6/h¯
2
)1/4
,
which suggests a maximum value of the total angular mo-
mentum of the system contributing to recombination col-
lisions if they are entirely dominated by the long-range
interaction. It may be estimated as JvdW ∼ kRvdW,
where RvdW is the van der Waals length and k is the
hyperspherical wave number. For the helium dimer in-
teraction employed in this work it is RvdW ≈ 5 a0. The
results show good agreement between the most probable
total angular momentum of the recombination trajecto-
ries and JvdW, except for the distribution at E = 100 K,
which shows a bimodal distribution. This bimodal dis-
tribution is presumably correlated with the change in the
dimer energy distribution. For higher collision energies
the probability to form dimers with high binding energy
(small size) increases (see Fig. 5), so the contribution
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FIG. 6. (Color online) Total angular momentum J distribu-
tion associated with the recombination trajectories at three
collision energies: E = 1 K, blue bars; E = 10 K, orange bars;
E = 100 K, red bars.
of small dimers will show up as a peak in the low total
angular momentum. Indeed, this was noted in our dis-
cussion of Fig. 6. Finally, the change of trend in the
classical three-body rate at E >∼ 10 K is evidently due to
the increasing importance of the short-range interaction
beyond that energy range. Moreover, the hard inner wall
is responsible for the energy distribution of the dimers at
high collision energies, and presumably for the bimodal
distribution that deviates from the van der Waals esti-
mation JvdW.
VI. SUMMARY
The present investigation has developed a general
method to study classical scattering in n-dimensions.
Application of this method to three-body collisions has
shown a number of useful and interesting results: the
classical ultracold threshold law for TBRR as a function
of the collision energy and a high energy relationship be-
tween the classical three-body elastic cross section an the
quantum one. The former has been shown numerically,
the latter show a similar relationship that the two-body
collision, leading to generalize the shadow scattering phe-
nomena to three-body collisions.
The TBRR as a function of the collision energy for
helium atoms has been calculated by the n-dimensional
scattering method using classical trajectories. The gen-
eral trends of the classical TBRR have been established
the different influences of the long- versus short-range
portions of the two-body interaction, as the collision en-
ergy changes. The classical results have been tested
against our quantum mechanical TBRR, and the clas-
sical calculations accurately reproduce the trend of the
quantum mechanical calculations for E >∼ 1 K. Neverthe-
less, quantitative agreement of the rates is not achieved,
as a residual discrepancy between the high energy limits
of classical and quantum TBRR is seen to be approxi-
mately.
Although the classical results have not quantitatively
replicated the quantum mechanical results, especially at
very low energies, the Newtonian treatment is a useful
tool that can help in understanding three-body collisions.
For instance, classical trajectory calculations provide a
first estimate of the number of partial waves needed for a
quantum mechanical calculation in the thermal regime.
Also, use of classical trajectory methods to determine
the energy distribution of the dimers formed allows an
estimation of which dimer levels are the most important
for quantum calculations. Finally, the interpretation of
the TBRR through classical trajectory calculations gives
important clues that can give insight into mechanisms
relevant for the quantum mechanical calculations.
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